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Abstract
We present off-shell generating functions for all cubic interactions of totally sym-
metric massless Higher Spin gauge fields and discuss their properties.
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1 Introduction and notations
Despite the success of Vasiliev equations [1], consistent deformation of Higher
Spin free Lagrangian [2] to full nonlinear interacting theory for any spacetime di-
mensions is still an open task.
After Metsaev’s light-cone classification of the cubic vertices for massive and
massless higher spin fields [3], recently the cubic vertices for totally symmetric mass-
less fields were constructed and classified in the covariant approach [4], generalizing
Noether procedure technic of [5]. The results are in full agreement with Metsaev’s
classification. The interactions of [3], [4] are unique for given spins and number of
derivatives, include all possibilities for parity preserving cubic interactions of higher
spin fields in Minkowski space of any dimension greater or equal to four. It was
shown in [6] that all of these vertices are realized in string theory. Then off-shell
generating functions of cubic interactions for both reducible [7] and irreducible sym-
metric [8] higher spin fields became available. For symmetric fields, the results of [7]
reproduced vertices, known from [9]. This recent development provided new insight
into earlier works [10]-[18]. For more recent literature see [19]-[32] and references
therein. We present here general, but compact form for interactions between fields
of irreducible Fronsdal setting, using the results of [8].
To continue with this subject we introduce here briefly our notations (see for
example [33]). As usual, instead of symmetric tensors such as h
(s)
µ1µ2...µs(z), we use
homogeneous polynomials in the vector aµ of degree s at the base point z
h(s)(z; a) =
∑
µi
(
s∏
i=1
aµi)h(s)µ1µ2...µs(z). (1.1)
Then we have for symmetrized gradient, trace and divergence †
(a∇)h(s)(z; a),
1
s(s− 1)
✷ah
(s)(z; a),
1
s
(∇∂a)h
(s)(z; a).
where
a∇ = aµ∇µ, ✷a =
∂
∂aµ
∂
∂aµ
, ∇∂a = ∇µ
∂
∂aµ
and summation for repeating indices apply.
2 Free Lagrangian for all higher spin gauge fields
We introduce a generating function for HS gauge fields as
Φ(z; a) =
∞∑
s=0
1
s!
h(s)(z; a) (2.1)
†To distinguish easily between ”a” and ”z” spaces we introduce the notation ∇µ for space-time
derivatives ∂
∂zµ
.
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where we assume that all terms in the generating function for higher spin gauge
fields (2.1) have the same scaling dimension.
Lowest order linearized gauge transformation for this field reads as
δ0ΛΦ(z; a) = (a∇)Λ(z; a), (2.2)
δ0ΛDaΦ(z; a) = ✷Λ(z; a), (2.3)
δ0Λ✷aΦ(z; a) = 2(∇∂a)Λ(z; a). (2.4)
where
Λ(z; a) =
∞∑
s=1
1
(s− 1)!
ǫ(s−1)(z; a), (2.5)
is the generating function of the gauge parameters. Fronsdal’s constraint for the
gauge parameter reads as
✷aΛ(z; a) = 0, (2.6)
The Fronsdal constraint on the gauge field reads in these notations
✷
2
aΦ(z; a) = 0, (2.7)
We introduced the “de Donder” operator
Dai = (∂ai∇i)−
1
2
(ai∇i)✷ai (2.8)
Now we can write the free Lagrangian for all gauge fields of any spin in the
following form
Lfree(Φ(z)) =
κ
2
exp[λ2∂a1∂a2 ]
∫
z1z2
δ(z1 − z)δ(z2 − z)
{(∇1∇2)− λ
2Da1Da2 −
λ4
4
(∇1∇2)✷a1✷a2}Φ(z1; a1)Φ(z2; a2) |a1=a2=0 (2.9)
where λ2 compensates the scaling dimension of the operator in the exponent. In
the free Lagrangian (2.9) there is no mixing between gauge fields of different spin.
Hence this expression reproduces Fronsdal’s Lagrangians for gauge fields with any
spin. The parameter κ is a constant which makes the action dimensionless.
3 Cubic Interactions
We are going to present a compact form of all HS gauge field interactions derived in
covariant form in [4]. First we rewrite the leading term of a general cubic interaction
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of higher spin gauge fields with any spins s1, s2, s3
‡
Lleading(1) (h
(s1)(z), h(s2)(z), h(s3)(z))
=
∫
z1,z2,z3
δ(z − z1)δ(z − z2)δ(z − z3)(∇12∂c)
s3−n(∇23∂a)
s1−n(∇31∂b)
s2−n
[(∂a∂b)(∇12∂c) + (∂b∂c)(∇23∂a) + (∂c∂a)(∇31∂b)]
n
h(s1)(a; z1)h
(s2)(b; z2)h
(s3)(c; z3) (3.1)
where the number of derivatives is
∆ = s1 + s2 + s3 − 2n, (3.2)
0 ≤ n ≤ min(s1, s2, s3) (3.3)
As we can see, the minimal and maximal possible numbers of derivatives are
∆min = s1 + s2 + s3 − 2min(s1, s2, s3), (3.4)
∆max = s1 + s2 + s3. (3.5)
These interactions trivialize only if we have two equal spin values and the third
value is odd. In that case we should have a multiplet of fields, with at least two
charges, to couple to the odd spin field. In the case of odd spin selfinteraction, the
number of possible charges in the multiplet should be at least 3.
Now we can see that the following expression is a generating function for the
leading term of all interactions of HS gauge fields.
A0(Φ(z)) =
∫
z1,z2,z3
δ(z − z1,2,3)f(Wˆ + vˆ)× Φ(z1; a1)Φ(z2; a2)Φ(z3; a3) |a1=a2=a3=0 (3.6)
where f is an arbitrary smooth function and
Wˆ = λ
2
2
[(∂a1∂a2)(∂a3∇12) + (∂a2∂a3)(∂a1∇23) + (∂a3∂a1)(∂a2∇31)],
vˆ = 1
2
[(∂a3∇12) + (∂a1∇23) + (∂a2∇31)], (3.7)∫
z1,z2,z3
δ(z − z1,2,3) =
∫
z1,z2,z3
δ(z − z1)δ(z − z2)δ(z − z3) (3.8)
for brevity. Furthermore we will always assume this integration with delta functions,
without writing it explicitly. We assume that operator in the second row of (3.7)
does not need any dimensionful constant multiplier.
Taking gauge variation of A00, and performing Neother procedure one can find
generating functions for all other terms in the cubic Lagrangian. We will make
a shortcut, using the results of [8]. First we introduce new Grassmann-odd vari-
ables ηa1 , η¯a1 , ηa2 , η¯a2 , ηa3 , η¯a3 . Then we change expressions in the formula (3.6) in a
following way
(∂ai∂aj )→ (∂ai∂aj ) +
1
4
ηai η¯aj✷aj +
1
4
ηaj η¯ai✷ai , (3.9)
(∂ai∇jk)→ (∂ai∇jk) + ηai η¯ajDaj − ηai η¯akDak . (3.10)
‡∇ij = ∇i −∇j , ∇2∂a =
∂
∂aµ
∇µ
2
, ∂a∂b =
∂
∂aµ
∂
∂bµ
and analogously for others.
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So we can write
A(Φ(z)) =
∫
d6ηf(ηa1 η¯a1 + ηa2 η¯a2 + ηa3 η¯a3 +W + βv)
×Φ(z1; a1)Φ(z2; a2)Φ(z3; a3) |a1=a2=a3=0 (3.11)
where
d6η = dηa1dη¯a1dηa2dη¯a2dηa3dη¯a3 (3.12)
W = 1
2
[λ2(∂a1∂a2 +
1
4
ηa1 η¯a2✷a2 +
1
4
ηa2 η¯a1✷a1)][∂a3∇12 + ηa3 η¯a1Da1 − ηa3 η¯a2Da2 ]
+1
2
[λ2(∂a2∂a3 +
1
4
ηa2 η¯a3✷a3 +
1
4
ηa3 η¯a2✷a2)][∂a1∇23 + ηa1 η¯a2Da2 − ηa1 η¯a3Da3 ]
+1
2
[λ2(∂a3∂a1 +
1
4
ηa3 η¯a1✷a1 +
1
4
ηa1 η¯a3✷a3)][∂a2∇31 + ηa2 η¯a3Da3 − ηa2 η¯a1Da1 ] (3.13)
v = [∂a3∇12 + ηa3 η¯a1Da1 − ηa3 η¯a2Da2 ]
+[∂a1∇23 + ηa1 η¯a2Da2 − ηa1 η¯a3Da3 ]
+[∂a2∇31 + ηa2 η¯a3Da3 − ηa2 η¯a1Da1 ] (3.14)
and β is arbitrary coefficient. For coupling function f , with non-vanishing coeffi-
cients in the Taylor expansion to any order (like exponent of [6],[7],[8]), this operator
generates all terms in the cubic interaction of any three HS fields with any possible
number of derivatives ∆ in the range ∆min ≤ ∆ ≤ ∆max. The leading term for this
interactions is (3.1). All interactions of HS gauge fields in flat space-time of any
dimensions d ≥ 4 with any number of derivatives are unique and are generated by
the generating function (3.11). It is possible to write this Generating Function in
another form, which is equivalent to this one due to partial integration and field
redefinition in free Lagrangian [8].
There is a subset of these cubic interaction vertices, which doesn’t mix with other
vertices in any order in flat space (assuming there is consistent nonlinear action).
These are minimal cubic selfinteractions of Higher Spin fields of [5]. Minimal cubic
selfinteraction for higher spin s field includes s derivatives in the cubic interaction,
and s− 1 derivatives in the first order on field gauge transformation. This kind of
selfinteraction is a straightforward generalization of Yang-Mills theory and linearized
gravity. The generating function (3.11) (for β = 0) generates only this subset of
vertices. Note, that for β = 0, in the first order expansion of (3.11) (for colored spin
one field), gives Yang-Mills cubic vertex, while in the second order - cubic vertex of
Einstein-Hilbert gravity (with appropriate field redefinition, discussed in [5]).
In fact, the exponential form of the generating function (3.11) in [8] is chosen
arbitrarily, motivated by string theoretical analysis of [6]. The relation between
cubic interactions of reducible [7] and irreducible [8] settings should be studied more
carefully.
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